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A graph G with p vertex node and g edges is called a
harmonic mean graph if it is possible to label the vertex
node xE€V with distinct labels f(x) from {1,2,.....g+1} in
such a way that each edge e = uv is labeled with

f(uv):[Zf(u)f(V)l or {Zf(u)f(v)
f(u)+ f(v) f(u)+ f(v)
labels are distinct. In this case f is called Harmonic mean
labeling of G. In this paper we prove that some families of
graphs such as H- super subdivision of cycle HSS(C,),
HSS(C, O K;), HSS(C,0K;), HSS(C,O K,) are harmonic
mean graphs.
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VNTRODUCTION

et G=(V,E) be a (p,q) graph with p = [V(G)| vertices and q =|E(G)| edges, where V(G)

and E(G) respectively denote the vertex set and edge set of the graph G. In this paper, we
consider the graphs which are simple, finite and undirected. For graph theoretic terminology
and notations we refer to S. Arumugam [1]

The concept of graph labeling was introduced by Rosa in 1967. A detailed survey of
graph labeling is available in Gallian [4]. The concept of Harmonic mean labeling of graph
was introduced by S.Somasundaram, R.Ponraj and S.S.Sandhya and they investigated the
existence of harmonic mean labeling of several family of graphs such as this concept was then
studied by several authors. We have proved Harmonic mean labeling of subdivision graphs
such as P,OK;, B,OK,, H-graph,crown, C,QK;,C,OK,, quadrilateral snake, Triangular
snake and also proved Harmonic mean labeling of some graphs such as Triple triangular snake
T(Ty,), Alternate Triple triangular snake A[T(T,)], Triple quadrilateral snake T(Q,,), Alternate
Triple quadrilateral snake A[T(Q,)], Twig graph T(n), balloon triangular snake T, (C,,), and
key graph Ky(m, n). The following definitions are useful for the present investigation.
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Definition 1.1 [8]

A Graph G = (V, E) with p vertices and q edges is called a Harmonic mean graph if it is
possible to label the vertex node v €V with distinct labels f(v) from {1,2,...,g+1} in such a
2f () f(v) or 2f ) f(v) then
fu)+f(v) fu)+ f(v)
the resulting edge labels are distinct. In this case f is called Harmonic mean labeling of G.

way that when each edge e = uv is labeled with f (uv) :{

Definition 1.2 [2]

Let G be a (p,q) graph. A graph obtained from G by replacing each line e; by a H-graph
in such a way that the ends e; are merged with a pendent vertex in P, and a pendent vertex
P," is called H-Super Subdivision of G and it is denoted by HSS(G) where the H-graph is a
tree on 6 vertices in which exactly two vertices of degree 3.

Definition 1.4 [2]
A closed path is said to be cycle and cycle of length n is denoted by C,

In this paper we prove that H- super subdivision of cycle HSS(C,), HSS(C,© K;),
HSS(C,, ©K,), HSS(C, © K,) are harmonic mean graphs.

I1. Harmonic mean labeling of graphs

Theorem 2.1
The H- super subdivision of cycle HSS(C,,) is a harmonic mean graphs
Proof: Let HSS(C,,), n= 3 be the H- super subdivision of cycle graph whose vertex set
V (G) ={u;, v, x;, yi,w; 1< i <n -1}y U {u,, v, x,, ¥n, W, + and the edge set
E (G) = {wyvi,vixi,yiw;, viw; Witkiq [ 1< 0 < =130 {uy 0y 0 X Y Wi Vg Wi Wi U
Define a distinct labels f : V(G) - {1,2,...,q + 1} by
flu) =3
f(u) =5i-4 for 2<i<n
f(v;) = 5i-3 for 1<i<n
f(w;) = b5i for 1<i<n
fx)=1
f(x;)= 5i-2 for 2<i<n
f(v;) =5i-1 for 1<i<n
Then the resulting edge labels are distinct.
f(x1v1) =1
flxv) = 5i-2 for 2€i<n
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fOnw) = 4
fuw) = 5i for 2<i<n
fvu) = 5i-3 for 1<i<n
fwiuy) =5
fwiui) = 5i+1 for 2<i<n
f(Wnul) = 6
foiwy) =3
fyw;)) = 5i-1 for 2<i<n

Thus f provides a harmonic mean labeling of graph G.

Hence G is a harmonic mean graph.

Example 2.1.1 : A harmonic mean labeling of graph G obtained by H- super
subdivision of cycle HSS(C;) are given in fig 2.1.1

13

14

fig. 2.1.1.

Theorem 2.2 : The H- super subdivision of cycle HSS (C,© K;) is a harmonic mean
graph.

Proof: Let HSS(C, © K;), n = 3 be the H- super subdivision of cycle graph whose vertex

set
V(G) ={u,v,x,y,w; 1< i <n-1} U {u,, v, %, yn, W } U{u;, z/1< i < n}and
the edge set
E(G) = {wivivixi,yiwi, wivi,witig 11<0 < n-130 {u, vy, 0 X Yo Wi Wy Vn Wy U }
U{u;,z/l<i<n}
Define a distinct labels f: V(G) — {1,2,...,q + 1} by
fu)) =4
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f(uw) = 6i-5 for 2<i<n
f(w) =3

fw)= 6i-2 for 2<i<n
fw) = 6i for 1<i<n
fq) = 2

flx) = 6i—-3 for 2<i<n
f) = 6i-1 for 1<i<n
f(z1) =1

f(z) = 6i-4 for 2<i<n

Then the resulting edge labels are distinct.

fwv) = 6i-3 for 1<i<n
fwiu,) = 6

fwiuiy) = 6i+1 for 2<i<n
f(Wnul) =7

frix)) = 2

fvix) = 6i-2 for 2<i<n
f(wiy1) = 5

fwy) = 6i for 2<i<n
frywy) = 4

fow) = 6i-1 for 2<i<n
fluz) = 1

f(uz;)) = 6i—4 for 2<i<n

Thus f provides a harmonic mean labeling of graph G.
Hence G is a harmonic mean graph.

Example 2.2.1 : A harmonic mean labeling of graph G obtained by H- super subdivision
of cycle HSS(Cy © K;) are given in fig 2.2.1
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Fig2.2.1
Theorem 2.3 : The H- super subdivision of cycle HSS(C, ©K;) is a harmonic mean

graph.
Proof: Let HSS(C,®K,;), n > 3 be the H- super subdivision of cycle graph whose vertex
set
V (G) ={ w;, v, x;, v, w; 11< i < n -1} U {uy, Uy, X, Yo, Wi b U {53, 6/1< 0 <
n}and the edge set
E (G) = {wivi,vix; yiwy, wivpwittygg [ 1< 0 S =130 {un Uy Un X, Yo W Wi Un Wy Uy }
U { ul-Si,uiti/lS i < n}

Define a distinct labels f: V(G) - {1,2,...,q + 1} by

fw) = Ti-4 for 1<i<n
f(v) = T7i-3 for 1<i<n
fw) = T7ifor 1I<i<n
fx)) = T7i-2 for 1<i<n
f) =741 for 1<i<n
f(sp) = 716 for 1<i<n
ft) = Ti-5 for 1<i<n
Then the resulting edge labels are distinct.
fyvy) =3
fwv) = 7i-3for 2<i<n

7i+1 for 1<i<n

fwinipq)
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fwau) = 6
f(riwy) = 5
flow) =7i-1 for 2<i<n
frix) = 4
fvx) = Ti-2 for 2<i<n
fwy) = T7i for 1<i<n
flusy) = 1
flus;) = 7i-5 for 2<i<n
flugty) = 2
flut)= 7i-4 for 2<i<n

Thusf provides a harmonic mean labeling of graph G.

Hence G is a harmonic mean graph.
Example 2.3.1 : A harmonic mean labeling of graph G obtained by H- super subdivision
of cycle HSS(C, OK,) are given in fig 2.3.1
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Fig 2.3.1

Theorem:2.4 : The H-super subdivision of cycle HSS(C,© K,) is a harmonic mean
graph.

Proof: Let HSS(C, © K,), n = 3 be the H- super subdivision of cycle graph whose vertex

set
V(G) ={u,v,x,y,w; 1< i <n -1} U {u,, v, %, Yo, Wn } U{uy,s, t,/1< i <

n}and the edge set
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E (G) = {uivilvixilyiwil WV, WU 1 /1S i < n'l}U {unvn’vnxnlann!WnUnaWnul}
U {ws;, st t;u/1< i < n}.

Define a distinct labels f: V(G) - {1,2,...,q + 1} by

flw) = 8i—-4 for 1<i<n

fw) = 8i-3 for 1<i<n

flw) = 8i for 1<i<n

flx) = 8i-2 for 1<i<n

f) = 8i-1 for 1<i<n

f(s1) =1

f(s) = 8i-5 for 2<i<n

f(t) = 8i-6 for 1<i<n

Then the resulting edge labels are distinct.

fyv) = 4

fuv) = 8i-3 for 2<i<n
fwiuqg) = 8i+1 for 1<i<n

fw,uy) = 8

f(rixy) = 5

fwix;) = 8i-2 for 2<i<n

fwiyr) = 7

fwy) = 8i for 2<i<n

fwivy) = 6

flwv) = 8i-1 for 2<i<n

flut) = 8i -5 for 1<i<n

f(tisy) = 1

f(tis) = 8i—6 for 2<i<n

flugsy) = 2

flus;)) = 8i-4 for 2<i<n

Thus f provides a harmonic mean labeling of graph G.
Hence G is a harmonic mean graph.

Example 2.4.1 :A harmonic mean labeling of graph G obtained by H- super subdivision
of cycle HSS(Cg© K,) are given in fig 2.4.1
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e have proved four results on Harmonic mean labeling of graphs related to cycle

such as H-super subdivision of cycle HSS(C,), HSS(C, O K;), HSS(C, OK;), HSS(C, © K,).
Similar work can be carried out for other families and in the context of different types of
graph labeling techniques.
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